
Project 7 - ANOVA 
 

 

Introduction 
 

Consider the experimental data shown below for an experiment in a complete rndomised design 

with three treatments (A,B,C and n=6 obseravtion per treatment). 

Treatment 

  A   B   C 

  14 
  14 
  13 
  18 
  14 
  16 

  10 
  8 
  10 
  9 
  9 
  11 

  12 
  10 
  13 
  14 
  11 
  12 

 

 

Background 
 

Analysis of variance (ANOVA) is a collection of statistical models and their associated 

estimation procedures (such as the "variation" among and between groups) used to analyse 

the differences among means.  

ANOVA is based on the law of total variance, where the observed variance in a particular 

variable is partitioned into components attributable to different sources of variation. In its 

simplest form, ANOVA provides a statistical test of whether two or more population means 

are equal, and therefore generalizes the t-test beyond two means. 

An ANOVA test is a way to find out if survey or experiment results are significant. In other 

words, they help you to figure out if you need to reject the null hypothesis or accept the 

alternate hypothesis. The analysis of variance is an important statistical technique in terms 

of hypothesis testing and for estimating the relative magnitudes of causes of variability in a 

recorded observation. 

• An ANOVA acts as an expansion of a t test 

• You want to find if the means are equal or not. 

• You can see the variation within a group and between different groups  

 

 

 



1. Write an appropriate statistical model for this experiment. 
 

Defining µ to be the population mean for all observations in the experiment and the 

deviation µi - µ = ti, for all i, a model for this experiment is: 

xij  = µ + ti + eij  (equation 10.2) 

• xij = observation j in treatment i 

• µ = the overall mean 

• ti = the fixed effect of treatment 

• eij = random error with mean 0 and variance σ2
 

 

The fixed effects one-way model is used to test differences among means of two or more 

treatments. 

By replacing the unknown quantities of that equation by corresponding estimates, namely 

replace µ with x̄, ti with x̄i - x̄.. and eij with xij - x̄i.  gives (equation 10.3)  

xij  = x̄..+ (x̄i. - x̄..) + (xij - x̄i.)  (equation 10.3) 

This model has the following characteristics: 

• The corresponding population mean of all observations in the experiment (µ in 

equation 10.2) is estimated by x̄ …; 

• The population mean for the observations in the ith treatment (µ + ti in equation 

10.2) is estimated by x̄ …; 

• The unknown (deviation) effect of the ith treatment (ti in equation 10.2) is estimated 

by the difference x̄i - x ̄

• The unknown difference between the population means for treatments (ti – t’ in 

equation (10.2) is estimated by the difference x̄i - x̄I ……; 

• The residual eij representing the difference between xij and the population mean for 

the ith treatment, is estimated (in either equation 10.1 or 10.2 by xīj - x̄i 

This means that any sample value (xij) can be expressed as the difference between the 

sample mean and the overall mean + an error term. 

The estimated difference between an individual observation and the overall mean contains 

the estimate of the treatment effect and the estimate of the random residual effect unique 

to that observation. 

To find an unknown value this can be calculated with (10.3), which shows that an 

observation can be calculated by taking the overall mean (x̄..) and adding the difference 

between the group mean of that value (x̄i) and the overall mean x.̄.  and also adding the 

difference between the sample value xij  and the group mean x̄i  

 

 



2. Calculate the analysis of variance by hand 
 

Analysis of variance is used to partition variability into that which is explained by group 

versus that which is unexplained, and the relative magnitude of the two measures of 

variability is used to test significance. 

For a one-way analysis, three sources of variability are defined and measured with the 

corresponding sum of squares. 

The deviation of individual observations from the overall mean can be portioned into the 

deviation of the group mean from the overall mean plus the deviation of the individual 

observation from the group mean. 

The overall sum of squares can be partitioned into the sum of squares of the group means 

around the overall means plus the sum of squares of the individual observations around the 

group means. 

 

Working form equation 10.3 

The difference between any observation and overall mean, can be calculated by shifting 

the overall mean to the other side of the (equation as in equation 10.4) 

xij – x̄..= (x̄i. - x̄..) + (xij - x̄i.)  (equation 10.4) 

When this is expanded, squared and rewritten you have the formula to calculate the total 

sum of square you get (equation 10.5) 

 

Total SS = Between treatment SS + Within treatment SS 

The Total SS (TSS) tells you how much variation there is in the dependent variable. 

 

 

 

 

 

 

 

Table 1. Shows manipulation of data in excel to calculate sum of squares  



 xi xi
2 xii xii

2 xiii xiii
2 

 14.00 196.00 10 100.00 12 144.00 

 14.00 196.00 8 64.00 10 100.00 

 13.00 169.00 10 100.00 13 169.00 

 18.00 324.00 9 81.00 14 196.00 

 14.00 196.00 9 81.00 11 121.00 

 16.00 256.00 11 121.00 12 144.00 

SUM 89.00 1337.00 57.00 547.00 72.00 874.00 
Mean 14.8 222.8 9.5 91.2 12 145.7 

a SUM2/n 1320.17  541.50  864.00  
Calculating Sum of Squares 

Sum of squares can be calculated by the following five steps: 

1. Total sum = sum of all observations.  

• Total SUM = 89+57+72 = 218 

2. Corrected for mean. C = (total sum)2/total number of observation  

• C = 2182/18 = 2640.22 

3. Total (corrected) sum of squares. SS TOT = sum of all squared observation minus C  

• SSTOT  = (892+572+722)-2640.22 = 2758-2640.22 = 117.78 

4. Treatment sum of squares. SSTRT = sum of (group sum2/group size) for each group minus C 

• SSTRT = (1320.17 + 541.50 + 864.00 - 2640.22 = 85.44 

5. Calculating Within Treatment SS.  MSTRT =  SSTRT/a-1 

• MSTRT =  85.44 / 2 = 16.17 

6. Calculating residual mean square. MSRES = SSRES/N-a  

• MSRES = 32.33 / 18-3 = 2.16 = s2 

Total SS = Between treatment SS + Within treatment SS 

• SSTOT = SSTRT + SSRES 

• 117.78 = 85.44 + 32.33 

 

Table 2. Shows calculations relating to sumof squares 



 

 

 

 

Table 3. Analysis of 

variance for the 1-way 

classification fixed-effects model 

Source of 
variation 

Degrees of 
freedom 

Sum of squares Mean squares 

Between 
treatments 

2 85.44 42.72 

Within 
treatments 

15 32.33 2.16 

total 17 117.78  

 

Mean square (SS/DF)  

• Between treatments = 85.44/2 = 42.72 

• Within treatments = 32.33/15 = 2.16 

The analysis of variance indicates that there is a lot more variation between treatments than 

within treatments, indicating that there is a significant effect from treatments beyond what 

would be expected from normal sample variation. 

 

3. Conduct all test with α = 0.05 

The hypothesis of interest are about the differences between the population means. A null 

hypothesis H0 and an alternative hypothesis H1 are stated: 

• H0: the population means are equal 

• H1: the means are not equal for at least one treatment 

 

The F-statistic.  

An F statistic is defined using the sum of squares and their corresponding degrees of 

freedom. 

It is used to test whether the variability among observations is of magnitude to be expected 

from random variation or is influenced by a systematic effect of treatment. 

Or – Is the variability between groups significantly greater than the variability within 

treatments? 

Total sum 218.00 

C 2640.22 
SSTOT 117.78 

SSTRT 85.44 

SSRES 32.33 
MSTRT 16.17 

MSRES 2.16 
s2 2.16 



 

 

Or F can be calculated by dividing the mean sum of squares between treatment by the mean 

sum of squares within treatments 

F = 42.72/2.16 = 19.8 

 

With an F distribution with (a-1) and (N-a) degrees of freedom if H0 holds. 

It can be shown that expectations of the mean of squares are: 

• E(MSRES) = σ2 

• E(MSTRT) = σ2 if H0 or > σ2 if not H0 

If H0 is true than MSRES ≈ σ2 and F ≈ 0 

If H1 is true than MSRES > σ2 and F > 1 

This indicates that MSTRT is much greater than MSTRT 

For the α level of significance, H0 is rejected if the calculated F from the sample is greater 

than the critical value 

The critical value of F for 2 and 15 degrees of freedom and α = 0.05 level of significance is 

F0.05,2,15 = 3.68 

 

Since the calculated F (19.82) is greater than the critical value (3.68) H0 is rejected, 

supporting the conclusion that a difference exists between at least two treatment means. 

 

 

 

 

 



4. Present the ANOVA table, the p-value and indicates which treatments are different 

from each other using the least significant difference (LSD). 
 

An ANOVA table is used to present the mean and standard error of the treatments and the 

probability that each treatment is different from the others. 

To calculate the probability of each treatment mean being different the least square 

difference test is used: 

This procedure aims to determine the least difference between a pair of means that will be 

significant and to compare that value with the calculated differences between all pairs of 

group means. 

If the difference between two means is greater than the least significant difference (LSD) it 

can be concluded that the difference between this pair of means is significant. 

 

Equation 10.27 tells you the standard error of the estimator difference between the means 

of two treatments i. and i..  

As a rule pf thumb the SE is sqr(MSE/n). The lsd formula can be rewritten T() * SE *srt2 

An advantage of the LSD test is that it has a low level of type II error and will most likely 

detect a difference if it exists. A disadvantage is that it has a high level of type I error. 

Because of this error, a significant F test must proceed with the LSD to determine the level 

of significance of any comparisons. 

• LSD = T(17) √ MSRES(2.16) 2/6 

• LSD = 2.11 √ (2.16 x 2/6)  

• LSD = 2.11 √ 0.72 

LSD = 1.79 

 

 

 

 

To be significant the difference between two group should be around 3 SE 

• In this case 0.599 * 3 = 1.8 

 



 

Referring to the sample means in the experiment: 

• x̄i = 14.83 

• x̄ii = 9.50  

• x̄iii = 12.00 

And comparing the difference between means calculated with LSD, comparing to the F test 

and applying the hypothesis test: 

• 12-9.5 = 2.5 > 1.8 2.96, H0: µii = µiii would be rejected 

• 14.83-9.50 = 5.33 > 1.82.96, H0: µi = µii would be rejected 

• 14.83-12 = 2.83 > 1.8 2.96, H0: µi = µiii would be rejected 

The LSD test demonstrates that there is a 95% probability that the means of all samples 

are different. 

 

 

5. Solve this problem with SAS. Include a copy of the SAS output in your assignment. 
The variance is shown in the SAS output below 

 

 

 

 

 

Degrees of Freedom (DF)  

• Model = 2 

• Error  = 15 



• Corrected total  = 17 

Sum of squares (SS) 

• Model = 43.75 

• Error  = 58.00 

• Corrected total  = 101.75 

Mean square (SS/DF)  

• Model = 14.58 

• Error  = 3.63 

F Value (mean square of model / mean square error) = 19.82 

Probability of F value (Pr>F) = <0.0001 

The probability that all the means are equal due to sample variation is less than 0.05, 

providing evidence to reject the null hypothesis (H0) and accept (H1) that at least one of 

the groups is different. 

R Square (model SS / correct total SS) (85.44/117.77) = 0.725 

 

 

 

 

 

 

 

 

 

 

 

 

 

Distribution of variation 



The graph below indicates the mean and distribution of samples in a box plot. 

 

This chart demonstartes that there is a difference between treatments A and B – but not 

between B and C, or A and C. 

Mean and SE of each value 

The SAS table below indicates the mean, SE and probability of each group  

 

The standard error here is the mean square error / number of observations. 

Pr (t test) demonstrating that each mean and SE is different from 0 

 

The probability that treatment means are different 



 

 

 

 

This table shows that the highest level of significance is the difference between means of 

treatments 1 and 2, that the difference between 1 and 3, and 2 and 3 is still below the 0.05 

cut-of significant level. 

This indicates a significant difference between all 3 sample means. 

 

 

 

 

 

 

 

Appendix: 
 

Terms 

• xij = individual value 

• x̄.. = overall mean 

• x̄i. = mean of group 1 

• x̄ii. = mean of group 2 

• x̄iii. = mean of group 3 

• ti = difference between group and overall mean (x̄i. – x̄..)  

• eij = error term (xij – x̄i.)   

 

 



 

ANOVA input 

/*anova project 7*/ 
Data anova; 
input treat $ val; 
cards; 
A 14 
A 14 
A 13 
A 18 
A 14 
A 16 
B 10 
B 8 
B 10 
B 9 
B 9 
B 11 
C 12 
C 10 
C 13 
C 14 
C 11 
C 12 
; 
run; 
Proc GLM; 
class treat; 
model val = treat; 
lsmeans treat / stderr pdiff; 

run; 
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